JOURNAL OF PROPULSION AND POWER
Vol. 13, No. 5, September- October 1997

Analytical Solution of the Type IV Shock Interaction

Michael J. Frame* and Mark J. Lewis¥}
University of Maryland, College Park, Maryland 20742

An analytical model for the type IV shock interaction in high Mach number, calorically perfect air is
developed. The model solves the flowfield around the transmitted shock, using the oblique shock relations,
and the flow inside the jet, using Prandtl- Meyer waves. The length of the transmitted shock and jet
geometry are derived explicitly by calculating the shape of the bow shocks using a continuity methodology.
Unlike previous analytical methods, no empirical or experimental data on the interaction are required.
The model for the jet impingement gives a prediction for the location and value of the peak pressure on
the cylinder. Comparison with experimental results shows good agreement for the impingement location,
peak pressure, and shock shapes, and the calculation is performed very quickly with minimal computing
resources. A parametric study is conducted, demonstrating the variation of key interaction results such
as peak pressure, impingement location and lengths of the transmitted shock, and the terminating shock
of the jet, as a result of impinging shock location and strength, freestream Mach number, or cylinder
radius. Many trends between the dependent and independent variables in this study were apparent,
providing useful and insightful results for design purposes.

Nomenclature

= area, per unit depth

pressure coefficient

shock equation constant

distance in shock detachment theory or length
Mach number

pressure

cylinder radius

spatial coordinates

coordinate in shock detachment theory
constant, VM?> — 1

ratio of specific heats

flow deflection between jet sections
shock standoff distance

angle of shock-layer sonic line
angular measurement or flow angle
Mach angle

Prandtl- Meyer function

total pressure ratio

isentropic contraction ratio
constant, Eq. (20)

= wave angle
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Subscripts
A,B, C =
d
i =
imp =
S =
S, =
SB =
stag =
T =
T1, T2

points A, B, C

maximum wedge angle

impinging shock

jet impingement

sonic point behind shock or sonic line
sonic line between T and SB

sonic point on body

stagnation region

terminating shock or point T

= portions of terminating shock
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= transmitted shock

Prandtl- Meyer wave

total conditions

region below impinging shock
regions adjacent to jet

regions inside supersonic jet
freestream conditions

= variables in the (£, ¥) plane
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Introduction

HE problem of shock waves from different families in-

tersecting in a supersonic or hypersonic flow is one of
great interest, both in fluid dynamics and vehicle design. For
example, on a hypersonic vehicle, there could be such inter-
sections between the nose shock and engine cowl, wing, or fin
leading-edge bow shocks. Other examples include shock
waves emanating from attached stores, pylons, fuel injectors,
control surfaces, and indented body contours. From a practical
point of view, it is desirable for vehicle designers to be able
to predict these interactions and their effects. From an intel-
lectual point of view, it is desirable to understand the inter-
actions as fluid phenomena and how they differ from the non-
interacting cases.

Many of the previous examples involve a straight, oblique
shock wave intersecting a curved, detached shock. Edney'
characterized six such interactions (types I- VI), depending on
where the intersection occurs on the curved bow shock. Some
refinements to these classifications have been made subse-
quently, but the basic six still demonstrate the range of phe-
nomena observed, including shock-wave-boundary-layer in-
teractions, expansion fan-boundary-layer interactions, shear-
layer impingement, and supersonic jet grazing and impinge-
ment.

A desirable feature of airframe-engine-integrated hyper-
sonic vehicles is to have the oblique shock generated by the
vehicle nose intersect the cowl lip of the engine intake. This
type of intersection would typically result in a type III or IV
interaction. A type IV interaction (Fig. 1) occurs when the
oblique shock intersects with the region around the most nor-
mal part of the bow shock. In this paper, the impinging shock
is drawn approaching from the lower, left quadrant of the flow-
field, with the flow approaching from the left. The cowl lip is
represented by a cylinder. The flow passing beneath the cyl-
inder enters the combustor, while the flow passing over the
cylinder remains outside the engine.
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Fig. 1 Schematic of type IV shock interaction, including detail
of the supersonic jet.

The type IV interaction is characterized by the bow shock
being distorted into two halves, connected by a short, straight,
transmitted shock. The flow crossing the upper half of the
shock (as shown in Fig. 1) is the freestream, while the flow
crossing the lower half of the bow shock and transmitted shock
has crossed the impinging oblique shock. Therefore, it is de-
flected upward, and is at a lower Mach number and higher
pressure than the freestream flow. The flow crossing the trans-
mitted shock remains supersonic and is bounded by shear lay-
ers, separating it from the subsonic flow that has crossed the
bow shock. Emanating from the lower end of the transmitted
shock is an oblique shock inside the supersonic jet, which turns
that flow parallel to the adjacent subsonic flow. When this
oblique shock intersects the upper shear layer, an expansion
wave is reflected back, which reflects off the lower shear layer
as a compression wave. These weak waves crisscross the jet,
alternating between expansions and compressions, until the jet
gets close to the body and the supersonic flow is decelerated
across a normal shock. Behind the jet termination shock, the
subsonic flow is turned along the cylinder surface (Fig. 1).

The early work on the subject of shock interactions were
experimental efforts to understand the nose (planar or axisym-
metric oblique) shock, and wing or fin leading-edge (transverse
bow shock) interaction.>> One objective of this work was to
correlate the heating rates as functions of the flow param-
eters.” The two-dimensional case with an oblique shock in the
same plane as the bow shock is more appropriate for inlet
flows with a nose shock-on-cowl lip condition. For this case,
it has been demonstrated analytically,"> experimentally,' >
and with computational methods,'*" > that the point on the cyl-
inder surface where the supersonic jet fluid impinges the body
experiences heating rates and peak pressure loads vastly in
excess of the stagnation values behind the undistorted bow
shock. Furthermore, it has been observed experimentally”'*"
and numerically,ls’ 1720-22 that under certain circumstances, the
jet is unsteady.

While there has been a large amount of experimental and
computational fluid dynamics (CFD) simulation of the type IV
shock interaction, the cases studied form a limited set of data
from the range of possible interactions. Since experimental and
numerical analysis are both time-consuming and expensive, it
would be extremely difficult to perform wide-ranging para-
metric studies using these techniques, which would give real
insight into what influences the interaction, the physical mech-
anisms involved, and the range of conditions under which it
might take place. Also, it is desirable for engineering purposes

to have a quick and economical method for predicting the ef-
fects of the interaction. This paper outlines a completely ana-
lytical approach to the prediction of the type IV shock inter-
action, to fulfill these requirements.

Previous Analytical Methods

Initial efforts at simple prediction techniques were essen-
tially correlations for peak pressure and heat transfer. The anal-
ysis done by Edney' was the first characterization of the six
types of interactions, and he produced analytical patterns for
each by using the oblique shock relations. The flow in the
supersonic jet and the impingement region was modeled by a
series of isentropic wave fans, and predictions for the peak
pressures and heat transfer because of impingement were
given. However, this work was unable to predict the actual
size of the jet, and the length of the transmitted shock and jet
were taken from experimental results. Edney conducted a se-
ries of experiments to support and validate his models."

Keyes and Hains’ also used the oblique shock relations and
Prandtl- Meyer relations to model the six interactions in a sim-
ilar way, and verified their pressure and heat transfer predic-
tions with experimental results. Their method also required
some empirical or experimental values as input. Their system-
atic modeling of the six types of interaction was compiled into
a computer code by Morris and Keyes.” The code was ex-
tended to include the effects of equilibrium chemistry of air
by Glass.”

Fully Analytical Solution

Neither of the two methods discussed earlier were truly an-
alytical because an empirical or experimental value was re-
quired. The work outlined in this paper extends the methods
of Edney' and Keyes and Hains,” to include the curvature of
the bow shock and, hence, determine explicitly the length of
the transmitted shock and jet width at termination without any
experimental or empirical input.

This model calculates the shock waves and jet structure, and
gives a prediction for the peak pressure load and location on
a circular cylinder undergoing a type IV shock interaction. The
interaction is governed by the freestream (characterized by the
Mach number), the impinging shock (characterized by the
shock angle or deflection), and a constant that fixes the im-
pinging shock in space.

The model is solved in the following steps (Fig. 2):

1) Given the properties of the freestream flow and the im-
pinging shock angle, the flow properties and directions in
regions 1, 2, 3, 4, and 5 can be calculated, as well as the shock
wave angles ¢4, ¢p, P, and ¢s, by matching pressure and flow
directions across the shear layers. After region 5, the properties
of the isentropic regions inside the jet (regions 6, 7, etc.) and
expansion and compression wave angles ¢,, are calculated.

2) Initially assuming that there is no distortion caused by
the jet, the equation of the lower bow shock can be calculated
based on the region 1 flow properties and direction. From the
calculated shock-wave angle ¢, the coordinates of the lower
end of the transmitted shock (point B) are found.

3) Knowing the spatial equations of the impinging (specified
from the initial conditions) and transmitted (known from ¢,
and the location of B) shocks, the location of the upper end
of the transmitted shock (point A), and, hence, its length, can
now be calculated, along with all of the expansion and com-
pression waves/shear-layer intersection points (points Q, R,
etc.), because the wave slopes are all known and the shear
layer slopes match the flow direction.

4) When the jet is aligned normal to the cylinder surface or
slightly above the normal, the jet terminates. A normal shock
(points Y-Z) decelerates the flow, and the stagnation (imping-
ing) region properties and location can be calculated.

5) The jet fluid is turned away from the stagnation point and
traverses along the cylinder surface. If any passes below the
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Fig. 2 Schematic showing flow regions, wave angles, and coordinate systems.

cylinder, this stream-tube is used to estimate the lower bow
shock distortion (a new value for §). Steps 2-4 can be re-
peated with a new equation for the lower bow shock until a
converged solution for the interaction is obtained.

The analysis performed here is confined to a single shock
impinging on the bow shock around a circular cylinder at high
Mach numbers. The model assumes a constant ratio of specific
heats (y = 1.4 for air), and no account is taken of Reynolds
number, viscous, or high-temperature effects.

Transmitted Shock and Jet Regions

The first part of the problem involves determining the flow
properties and directions and the wave slopes around the jet.
The freestream conditions are considered known. Also, the
slope and/or flow deflection of the impinging shock are known,
and so all conditions in region 1 can be calculated by the
standard oblique shock relations® (Fig. 2).

In Fig. 2 the upper shear layer emanates from point A, the
top of the transmitted shock. Above the shear layer in region
2, the pressure and flow direction must be the same as below
the shear layer in region 4. That is, 6. = 6; — 64 and P, = P..
Both of these relations can be written in terms of M.., M,, 6,
and P,/P.., which are all known; and ¢, and ¢, the slopes of
the upper bow shock at A and the transmitted shock respec-
tively, which are unknown. They can be solved for ¢, and ¢,
using an iteration method, since the unknown variables cannot
be expressed explicitly.

Now that ¢, and ¢, are known, the flow properties in regions
2 and 4 can be calculated by the oblique shock relations.

Similarly at point B, in Fig. 2, where the lower shear layer
begins: s — 6, = 65 and P5 = Ps. Again, both of these relations
can be written in terms of regions 1 and 4 variables, and ¢
and ¢s, which are the slopes of the lower bow shock at B and
the shock inside the jet, respectively. In exactly the same way
as before, we can iteratively solve for ¢z and ¢s, and, hence,
calculate all of the flow properties in regions 3 and 5.

The shock inside the jet emanates from point B and will
eventually intersect the upper shear layer at point Q. Because
the pressure above the shear layer is assumed to remain con-
stant, the shock will be reflected at Q as an expansion fan.
When the expansion waves intersect the lower shear layer (at
point R), since the pressure below the shear layer is assumed

constant, they will be reflected back as compression waves.
These alternating weak expansion and compression waves will
keep crossing the jet until the jet ends in a terminating normal
shock.

As seen in Fig. 2, because the waves inside the jet, from
point Q onward, are weak isentropic expansions and compres-
sions, the total properties will be constant throughout the jet.
To maintain constant pressure along the shear layers, the al-
ternate expansions and compressions will turn the flow equal
amounts each time, and the Mach number and pressure will
alternate between M5 and P; in one region (the odd numbered
5,7,9, etc.), and Mg and P- in the adjacent regions (the even
numbered 6, 8, etc.). The flow across each expansion or com-
pression wave will be turned up by an angle A, where A9 =
v(Ms) — v(Ms) and v(M) is the Prandtl- Meyer function.”®

The value of Mg is derived from the isentropic pressure re-
lationship, namely,

P _ 1 y/(y— 1)
oo _ (1 + 2 Mé) 1)

where Ps and Py are known, being equal to P, and Pos, re-
spectively.

Although the waves are fans of many waves, to simplify the
analysis an average slope is assumed, so that intersection
points along the shear layers can be calculated. The angles of
a compression wave and an expansion wave, relative to the
approaching flow, are ¢,, = (us + ue = A6)/2, respectively.

Equation of the Bow Shock

The model (Fig. 3), developed by Moeckel,” allows the
shape of a detached shock and standoff distance to be pre-
dicted, based on the body geometry and freestream Mach num-
ber, for axisymmetric and two-dimensional flows. A number
of key assumptions are made.

1) The sonic line between the body and shock is assumed
to be straight. This is considered valid within the acceptable
level of accuracy.

2) The sonic point on the body corresponds to where the
local surface inclination is the maximum wedge angle A, for
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Fig. 3 Model of detached shock.

the freestream Mach number M... Hence, for a cylindrical two-
dimensional cowl:

Ysg = T COS Ay 2)

Although this assertion is not based on rigid, theoretical rea-
soning, Moeckel” does justify it by analogy to sharp cornered
bodies.

3) A hyperbolic shape is assumed for the shock, namely,

By = Vx* — x3 (3)

where 8 = VM?2 — 1, and x, is the x coordinate of the shock
maximum detachment in the coordinate system used here. The
shock slope s can be expressed as

Vi + B3’

= 4
By @

tan s =

This form of the shock gives the correct slope at the centerline
(the shock should be normal) and at large distances from the
body (the shock tends toward a Mach line.)

For a given M., there is a unique shock slope s, and flow
deflection A,, where the Mach number behind the shock is
unity, which corresponds to the point S.

The distance L, from x, to xgg, can be written as

L=xs+ (ys - yss)tan n — Xo 5)

and substituting for x5 and x, from Eqgs. (3) and (4) gives

L =yB(Btan s, — V,82 tan’s, — 1) + tan n]
— Ysg tan 7 6)

To get a value for ys, continuity can be applied to the stream-
tube between the centerline and S, area ys per unit depth. All
of this fluid crosses the sonic line, length (ys — ysg)/cos 7. An
appropriate average value for the properties along the sonic
line are those at the mass centroid of the stream-tube, namely,
the streamline passing through C, where y. = ys/2 for two-
dimensional flow. Because the total pressure is constant along
the streamline behind the shock, and the total temperature is
constant everywhere

)]

where Il is the total pressure ratio across the shock at C, and
o is the contraction ratio to decelerate the freestream to sonic
velocity isentropically. Hence,

ys=yssll — (o/ll)cos n] ™" ®)

The total pressure ratio is expressed in terms of the shock
slope and approach Mach number:

) —Uy-1D
M= [1 e Jl (M? sin%s, — 1)}

24 (y— DM2sin%s.] 7"
(y + 1M?Z sin’s,

©)

The angle s. can be derived from Eq. (4) and yc = ys/2 as
tan s. = V4 tan’s, — 3/B° (10)

The contraction ratio o can be expressed as
M.,

\/ 5 L y — le v+ DAy—=1)
y+1 2 -

An appropriate value for 7 is the arithmetic mean of the
flow inclinations at S and SB*:

g =

n=O + A2 (12)

Hence, for a given M. and r, it is possible to calculate ys
[Eq. (D], yss [EqQ. ()], xo [Eq. (4)], and L [Eq. (6)]. The shock
detachment 6 can be written as

=L — r(1 — sin A,) (13)

Values of 8, and the shock shape obtained with this method,
agree closely with those generated by experiment” or empir-
ically.”® Hence, with confidence in the model, it is applied here
to the type IV shock-interaction problem.

Bow Shock Distortion

Figure 4 shows a similar model to Fig. 3, with an impinging
shock intersecting the bow shock at point A. For the same
reasons as discussed earlier, it can be argued that the sonic line
is straight from SB to S, and s,, A,, A4 and 7 are all the same
for the given M.. Hence, Eqgs. (2) and (12) still hold.

The fluid in the stream-tube below A (shaded) will pass
through the jet, around the cylinder surface, crossing the sonic
line between T and SB, which is a length of A,,. The fluid
between yg and y, crosses the sonic line between T and S. In
the same way as before, we can represent the flow properties
along the sonic line between T and S, by an average streamline

Fig. 4 Detached shock geometry in impinging case.
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passing through C, where in two-dimensional flow, y. = (ys —
y)/2. Note, that x, and s. do not have the same values as
shown in the preceding text, and Eq. (10) does not hold. How-
ever, the equation of the bow shock is still given by Eq. (3).
Furthermore, the angle of the bow shock at A is known from
the solving the triple point at A.

This leaves six unknowns in the problem: xo, S, Vs, Yas Yo
and y. If, for now, we know A,,, then

Yr=Yss + A,z cos (14)

and yc= (ys — y4)/2 can be eliminated from the problem. From
Eq. (4)

x2 + 2 2
tan’s, = 2o B (15)
:8 Vs

2 2 2
Xo + B (ys — ya) 74

tan’s, = 16

ans :84()75 - yA)2/4 (16)

2 + 2.2
tan’s, = w (17)
Bya
and by applying continuity [analogous to Eq. (7)]
. — 11
w _ =< (M., s.) (18)
Ys — Yr o
where Il and o are given by Egs. (9) and (11).
Solving these equations for s. gives
40%(B% tan’s, — 1) + (® — 1)
s, B - D@21,
B(® -1
where
B> tan’s, — 1
S= | 20
,82 tan’s, — 1 (20
and, hence,
yrllc 1)

Ya= Pl — (® — Do cos 7

— v I
ys = Ya0 COS M) Yrilc 22)
ocosn— Il¢

The distortion in the bow shock because of the jet fluid can
best be measured by the new value for xq:

Xo= Bys VB> tan’ss — 1 (23)

Therefore, given A,,, the new x, can be calculated.

Transmitted Shock and Jet Geometry
A Cartesian coordinate system is used with the origin at the
center of the cylinder. A second coordinate system is aligned
parallel to M, (Fig. 2). The impinging shock has the equation

y=xtan ¢, + k; (24)

where k; is a constant, uniquely defining the location of the
shock.

The shock shape model described earlier gives an equation
for the curved bow shocks. A modification for the different
coordinate systems is needed. For now, we assume the lower

bow shock is that generated by a flow at M, aligned in the
(%, ¥) directions, namely,

BipP=224 2o + 6+ NE+ 288+ 1N+ 5+ 17 (25)

where £, and 3 are the Moeckel variables based on M, and
B = VM3 — 1. The slope of the bow shock at B, dy/dx =
tan ¢, is known, and so the coordinates of B in (£, ¥) space
can be calculated.

The transmitted shock has the equation

¥ =k, — % tan ¢, 26)

where k, is a constant based on the location of point B in
(%, ¥) space.
The location of point A in (£, §) space can be found by
solving Egs. (24) and (26) (in a consistent coordinate system).
To convert between (x, y) and (£, y):
X =xcos 6, + ysin 6, Yy =ycos 6 — xsin 6,
@7
x =Xcos 6 — ¥ sin 6, y =X sin 6, + J cos 6;
Now, we have calculated the locations of points A and B,
and the distance between them is the length of the transmitted
shock. Since we know all of the angles of waves inside the
jet, and the upper and lower shear layers at A and B, respec-
tively, we can solve simple pairs of straight-line equations to
calculate the locations of points Q, R, etc. For the purposes of
this analysis, the shear layers and waves are considered short,
straight, and of negligible thickness.

Jet Termination

Eventually, the jet must terminate with the supersonic flow
being decelerated across a normal shock. The flow in the re-
gion prior to the termination is known, and the stagnation/
impingement region flow properties immediately behind the
normal shock can be calculated by the normal shock rela-
tions.”® The termination is assumed to occur when either an
intersection point between an internal Prandtl-Meyer wave
and the shear layers would be inside the cylinder surface, or
when the jet flow is almost normal to the surface. When this
is the case, the pressure behind the normal shock is the highest
as the impinging flow on the cylinder surface will be a stag-
nation region as opposed to a grazing stream-tube. When the
jet flow is aligned away from the surface, by a significant
angle, there is pressure relieving as the flow turns over the
cylinder, which may prevent a normal shock forming.

In each region of the jet, a terminating shock could be
drawn, normal to the flow direction in that region. The velocity
vectors of the flow crossing the shock will intersect the cyl-
inder surface at a range of surface angles. Consider Fig. 5a,
which shows a terminating shock (Y — Z), where one of the
flow vectors strikes normal the surface. In this case, the model
of the jet would end with a normal shock and impingement at
a stagnation point. The flow would be split with some fluid
passing over the top of the cylinder and some passing over the
bottom. The amount of flow either way can be measured in
terms of the areas of the terminating shock either side of the
normal line, A7 and Az, The impingement point would be
where the flow is normal to the surface, and the peak pressure
would be the stagnation pressure. The impingement point is
usually given as an angle measured from the front face of the
cylinder [point (—r,0)].

If all of the flow vectors between Y and Z in a given jet
region intersected the surface below the surface normal, which
is parallel to the jet flow, the model would proceed to generate
the next region of the jet. If all of the flow vectors intersect
the surface above the surface normal that is parallel to the jet
flow, it is a sign that the jet has turned the flow past a stag-
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Fig. 5 Jet terminating shock: a) impinging flow is normal to sur-
face and b) impinging flow grazes top of the cylinder.

nation-type impingement, as described earlier. Additional
regions will only turn the flow further away, and so the jet is
terminated at this point. There is a slight distance between the
normal to the surface, which is parallel to the flow and the
intersection of the flow vector through point Z (Fig. 5b). One
possibility (which is applied here), is to neglect this distance
and let the peak pressure equal the stagnation pressure, acting
on the cylinder below Z. However, in actuality, the flow pass-
ing through the normal shock is turned, passing over the cyl-
inder, so that there is some relieving of the pressure.

Although this situation bears some resemblance to an in-
compressible flat-plate stagnation flow, such a model relies on
boundary conditions at infinity that are not applicable in this
case. Using the conditions behind the normal shock as bound-
ary conditions results in an estimate for the peak pressure,
which potentially could be too low or even negative.

Iteration Step

If the flow impinging on the cylinder split with some fluid
passing over the bottom half, as shown in Fig. 5a, the lower
bow shock would, in fact, be distorted, and the initial assump-
tion of Eq. (25) would need to be modified as described earlier.

The locations of points Y and Z are known, and so the dis-
tance between them is the length of the terminating shock A-
The value of A7, can also be calculated from geometrical re-
lations. The Mach number behind the termination shock is
known, M ... If all of the fluid crossing A;» moves isentropi-
cally over the cylinder to the sonic line SB-T (Fig. 4), then
from the area-Mach number relationship:

AT2 1 2 y - 1 (y+ D/y= 1D
-~ =T 1+ MZ, (28)
As2 Mslag |:<’y + 1) ( 2 e

Hence, we can calculate A,,. The new values of £, and 5
can be found using Eqs. (14)-(23), except with point A in Fig.
4, being point B on the transmitted shock in (£, ¥) space. Re-
calculating the length of the transmitted shock and internal

structure of the jet will modify the impingement region, which
might make several iterations necessary for calculating the dis-
tortion in the lower bow shock before an unchanging solution
is obtained.

Validation

To validate this analytical model, a number of test cases
were run for which there were published data for the interac-
tions. Four experimental shock interactions, which were per-
formed by Holden et al.”” in the Calspan 48- and 96-in. shock
tunnels at approximately Mach 8, were chosen. A 1.5 in. (3.81
cm) radius cylinder was used for generating the detached
shock, and a 12.5-deg wedge was used for generating the
oblique shock. The wedge position was changeable, giving dif-
ferent values of k;. The test conditions are summarized in Table
1. The pressure coefficient is defined as the ratio of measured
peak pressure on the cylinder surface to the freestream dy-
namic pressure.

In all four analytical computations, the jet terminated just
above the surface normal line, meaning no iteration for the
distortion in the lower bow shock was necessary. However,
this also means the calculated peak pressures should include
some relieving, and, hence, they would tend to overpredict the
peak pressure slightly. There is good agreement between the
experimental and analytical results for pressure coefficient and
impingement angle. Figure 6 shows the comparison between
the analytical shock shapes and jet and the schlieren picture
from the experimental report for run 24. The overall shock
pattern shows good agreement. Similar agreement is obtained
in the other three cases. It is worth noting the variation in
impingement shock angle, which results from the viscous in-
teraction on the shock-generating wedge. The nature of schlie-
ren photographs and the quality of reproduction make it dif-
ficult to determine exactly the edge of the cylinder and the
shock waves; hence, the imprecise estimates for L, in Table 1.
Although there are no quoted transmission shock lengths, the
agreement appears to be good. Overall, it can be seen that the
analytical predictions are very close to the experimental re-
sults. The entire calculation was completed in a fraction of a
second on a desktop workstation.

Parametric Study

A series of solutions were generated for different values of
k; 6, and M... A cylinder with a radius of 3.81 cm was used
for each case. The values of k; were varied from 1.2 to 2.2
cm, 6; was set at either 10, 12.5, or 15 deg, and M. was set
at either 6, 8, or 10.

The values of peak impingement pressure ratio on the cyl-
inder are summarized in Table 2. The pressure ratio is the
peak-impinging pressure on the cylinder divided by the stag-
nation pressure behind the bow shock at the centerline, if there
were no impingement. There is no difference in the pressure
values as k; varies, because in each case, the jet is terminating
in the same type (odd or even) of region and no account is
taken of any possible pressure relieving. In the case of M.. =
6 and 6; = 10 deg, a different value was obtained for k; greater
than 1.8 cm (6.931), as opposed to below 1.8 cm (5.252),
because the jet is terminating in a different type of region in
each case. It can be seen that as the freestream Mach number
increases, so does the peak pressure. There is little change in
pressure for different values of 6,

Figures 7-9 show the variations in jet impingement angle,
transmitted shock length, and jet terminating shock length.
Several observations can be made. As the value of k; increases,
the values of all three variables increases with a few excep-
tions. In two cases, M. = 6, 6, = 12.5 deg and M., = 8§, 0, =
10 deg, there is no variation in jet impingement angle with
k. This occurs because in the analytical model, the jet is ter-
minating exactly normal to the surface. Although the fluid
passing below the cylinder is distorting the shock (which is
accounted for), and with different k; a different amount of
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Table 1 Experimental cases used for model validation

Experiment Analytic
Run* M. k; cm c, Birepr deg Lilr® c, Birpr deg Lilr
21 8.03 1.32 14.2 17.7 0.4 14.8 16.7 0.421
22 7.95 1.39 12.5 15.8 0.5 14.6 17.1 0.448
24 8.14 1.22 12.1 18.3 0.5 15.0 16.1 0.385
60 8.04 1.56 15.7 19.1 0.6 14.8 17.6 0.514

“Run numbers refer to experiments performed by Holden et al.'

Table 2 Peak pressure ratios for
different interaction cases

0, deg
M. 10 12.5 15
6 6.931/5.252 5.712 5.859
8 7.471 7.955 7.945
10 9.436 9.790 9.531

Fig. 6

Jet impingement angle (degrees)

| - L | I L n L | |

1.8 2.0 22
k (cm)

Fig. 7 Jet impingement angle for different cases.

fluid passes each way; in every case, the peak pressure point
is taken to be the stagnation point where the flow is normal to
the surface.

Although the three variables shown in Figs. 7-9 show a
generally linear trend, a noticable discontinuity occurs in the
case of M, = 6 and 60, = 10 deg, for the same reasons as
mentioned earlier. The reason for this is that below k; = 1.8
cm, the jet is terminating in region 7, with all of the fluid
passing over the upper half of the cylinder. When k; is greater

®Measured from schlieren photographs.

Length of transmitted shock (cm)

1 L n L 1 L L L L 1 L L " L 1
1.8 2.0 2.2
k, (cm)

Fig. 8 Length of transmitted shock for different cases.

0.60
0.50

0.40

Length of terminating shock {cm)

0.30 5

1 [ | i A
2.0 22

1.8
k (cm)

Fig. 9 Length of terminating shock for different cases.

than 1.8 cm, the jet terminates in region 6, with the fluid pass-
ing below the cylinder. An interesting phenomenom occurs
when k; = 1.8 cm. The analytical model cannot converge on a
single solution when the distortion in the lower bow shock is
accounted for. Instead, the iteration moves between two dif-
ferent solutions, summarized in Table 3. The region 7 termi-
nation case is plotted in Figs. 7-9. This case has the jet strik-
ing normal to the surface. The part of the jet fluid that distorts
the lower bow shock results in a new jet position that is forced
to terminate in region 6, with the jet fluid entirely passing
beneath the cylinder. This new distortion in the bow shock
results in a new jet position, which is the same as the original
region 7 terminating case. Whether this phenomenom (unique
to this one case) is a quirk of the analytical equations used in
this method, or a genuine representation of some physical un-
steadiness, is unclear. In each case, the analytical method is
matching physical properties such as pressure and continuity.

With everything else being constant, the effect of increasing
Mach number or 6;, with the same exceptions as shown earlier,
seems to increase the length of the transmitted shock and de-
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Table 3 Two solutions for the case
with M. =6, u;= 10 deg, and k, = 1.8

cm
Case 1 Case 2
Termination region 7 6
L, cm 2.324 2.315
Az cm 0.362 0.528
Oinp deg 25.0 18.5
Pressure ratio 6.93 5.25

Table 4 Results with different cylinder radii

a a

r, cm %" L,cm %" Oinp> deg % Az cm %
3.048 —20 1.771 3.7 18.4 8.0 0.337 3.4
3.810 0 1.707 0 17.0 0 0.326 0
4.572 20 1.646 —-3.6 16.1 —5.4 0.314 =3.7
5.334 40 1.584 -7.2 15.4 —9.2 0.302 —7.4

a -
Percentage change from baseline case.

Impingement angle

% change

% change in radius

Fig. 10 Variation in impingement angle, transmitted shock, and
terminating shock lengths with changing radius.

Increasing r

increasing r

Fig. 11 Interaction patterns for varying radii cases scaled by
radius.

crease the width of the terminating shock and impingement
angle.

Another series of solutions was generated for cylinders of
different radii. A baseline configuration was chosen with the
3.81 cm radius cylinder at Mach 8. A fixed impinging shock
was generated with 6, = 12.5 deg and k; = 1.39 cm. The cyl-
inder radius was then reduced by 20%, and increased by 20
and 40% while keeping the freestream conditions and imping-
ing shock the same. The results are summarized in Table 4.
The peak pressure ratio in each case was 7.95, which did not
change with radius for the same reasons as previously outlined.

As the radius is increased, the bow shocks are displaced
proportionally further outward. This is to be expected, since
the bow shock detachment distance is proportional to the cyl-
inder radius. Figure 10 shows the variation in impingement
angle, transmitted shock, and terminating shock lengths with

changing radius. The effect of increasing the cylinder radius,
for given freestream conditions and a given impinging shock,
is to reduce the jet width (as measured by the transmitted
shock length or terminating shock length) linearly. A 10% in-
crease or decrease in radius leads to about a 1.8% decrease or
increase, respectively, in jet width. The relationship between
change in jet width and radius is not one-to-one, which can
be explained by considering Fig. 11. Figure 11 shows the four
patterns scaled spatially by the cylinder radius for that case,
along with a nondimensionalized cylinder of radius 1. Because
the lower bow shock is unaffected by the interaction, since the
jet fluid passes over the top of cylinder, all four curves scale
directly with radius and coincide. However, the four impinging
shocks, which would be identical in an unscaled comparison
since they are fixed in space, are scaled differently. Hence, the
effect of increasing the cylinder radius is analogous to moving
the impinging downward, and the overall pattern does not
scale completely with radius. Increasing the radius also seems
to result in a lower (i.e., closer to the centerline) impingement
angle. The reverse is true for a decreased radius. These trends
are consistent with those seen in the earlier parametric study.

This type of parametric study highlights the usefulness of
this analytical model. The radius of the cowl lip is a key var-
iable for the design of the inlet. Similarly, the width of the jet
at termination, and the peak pressure load and location, are
key design inputs for structural and thermal design.

Conclusions

A model has been developed and validated that predicts the
type IV shock interaction at hypersonic Mach numbers in ca-
lorically perfect air. By calculating the shape of the curved
bow shocks, no empirical or experimental information about
the jet is required. The length of the transmitted shock and
width of the jet are calculated directly. This is the first com-
pletely analytical method not requiring empirical or experi-
mental data to be developed for the type IV shock interaction.
It allows a comprehensive parametric study of the interaction
to be conducted. The model, which is extremely quick to com-
plete a full calculation, can be used as a practical and econom-
ical engineering design tool, and also used to obtain physical
insight into the interaction.

One such example of this was a parametric study demon-
strating the variation of key interaction results, such as peak
pressure, impingement location, and the lengths of the trans-
mitted and terminating shocks because of impinging shock lo-
cation, strength, freestream Mach number, or cylinder radius.
Many discernible trends are apparent, such as mostly linear
relationships in the dependent variables as the impinging shock
is moved, or equivalently when the cylinder radius is changed.

The next step for this research is to extend the method to
include noncircular cross section (power law) bodies. These
solutions will need CFD validation since no research to date
has examined the type IV shock interaction on these types of
shapes. Other extensions to the method will include a more
satisfactory modeling of the jet impingement region, including
some measure of the effect of pressure relieving, and an esti-
mate of the heat loading at the impingement point. In addition,
the method could include analysis of the effects of high tem-
perature and chemically reacting air, and modeling of the shear
layers and their structure and stability, to answer the question
of why the jet appears unsteady under certain circumstances.
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